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LOG CANONICAL THRESHOLDS OF DEL PEZZO SURFACES
IN CHARACTERISTIC P
JESUS MARTINEZ-GARCIA
Abstract. The global log canonical threshold of each non-singular complex
del Pezzo surface was computed by Cheltsov. The proof used Kollár-Shokurov’s
connectedness principle and other results relying on vanishing theorems of Ko-
daira type, not known to be true in finite characteristic.
We compute the global log canonical threshold of non-singular del Pezzo
surfaces over an algebraically closed field. We give algebraic proofs of results
previously known only in characteristic 0. Instead of using of the connectedness
principle we introduce a new technique based on a classification of curves of
low degree. As an application we conclude that non-singular del Pezzo surfaces
in finite characteristic of degree lower or equal than 4 are K-semistable.
1. Introduction and definitions
The log canonical threshold of an algebraic variety1 X , glct(X), is a numerical
invariant introduced by Shokurov in the setting of the Minimal Model Program.
Definitions 1.1. A log pair (X,D =
∑
diDi) is a pair where X is a variety and
D ⊂ X an effective Q-divisor which is Q-Cartier.
A log resolution of (X,D) is a proper birational morphism σ : Y → X such that
Y is non-singular, the support of the strict transform D˜ := (σ−1)∗(D) of D is non-
singular, the exceptional set Ex(σ) has pure codimension one, and Ex(σ)∪Supp(D˜)
intersects with simple normal crossings.
An embedded resolution of (X,D) is a resolution in which Supp(D) is seen as a
subvariety of X and X and D are resolved at the same time. Once an embedded
resolution is found it can be easily modified into a log resolution.
Finding embedded resolutions or abstract resolutions of a pair (X,D) over an
algebraically closed field k is an open problem. Embedded resolutions exist when
char(k) = 0 for all dimensions. For algebraically closed fields of finite characteristic
they exist when dim(X) ≤ 3 thanks to a recent result by Cossart and Piltant
[CP08],[CP09]. Previously Abhyankar had shown that embedded resolutions exist
when dim(X) = 3 and char(k) > 5 [Abh66].
Assume X is normal and Q-factorial and let σ : Y → X be a proper birational
modification of the pair (X,D). We may write
(1) KY +DY +
∑
a(Fj , X,D)Fj ≡ σ
∗(KX +D),
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1Unless otherwise mentioned, all varieties in this article are projective normal varieties over an
algebraically closed field k of characteristic p ≥ 0.
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where the Fj are exceptional divisors and DY is the strict transform of D in Y .
2
We call −a(Fj , X,D), the discrepancy of Fj with respect to (X,D) and we often
write −aj if no confusion is likely. Denote by Disc(X,D) = inf{−a(Fj , X,D)}, the
discrepancy of the pair (X,D) where the infimum is taken over all proper birational
modifications of X .
Note that if there is a proper birational morphism σ such that −aj < −1 for
some exceptional divisor Fj , then we can blow-up repeatedly non-singular loci in Fj
and its strict transforms to obtain a new proper birational morphism σ′ : Y ′ → X
factoring through Y and such that one of the discrepancies −ak = −a(Fk, X,D) is
arbitrarily small. In particular we obtain that Disc(X,D) = −∞.
Definition 1.2. Let (X,D =
∑
diDi) be a log pair. We say (X,D) is log canonical
if Disc(X,D) ≥ −1 and di ≤ 1 for all i.
We say (X,D) is log canonical at p ∈ X if (U,D|U ) is log canonical where U is
a Zariski open neighbourhood of p.
By [Kol97, Cor. 3.13] it is enough to compute the discrepancies under one log
resolution σ : Y → X of (X,D) to decide if the pair is log canonical.
Definition 1.3.
(i) The log canonical threshold of the pair (X,D) is
lct(X,D) = max{λ : (X,λD) is log canonical}.
(ii) The local log canonical threshold of the pair (X,D) at p ∈ X is
lctp(X,D) = max{λ : (X,λD) is log canonical at p}.
(iii) The global log canonical threshold of X is
glct(X) = sup
{
λ
∣∣∣∣ (X,λD) is log canonical for alleffective Q-divisors D∼Q −KX
}
.
Obviously lct(X,D) ≤ lctp(X,D) for all p ∈ X . Notice that if (X, 0) is not log
canonical, then glct(X) = −∞. It is not yet known whether glct(X) is a rational
number. The following conjecture, first stated by Tian for complex Fano manifolds,
generalises the one in [CPS10, Conj. 1.4] for complex Fano varieties:
Conjecture 1.4. Let X be a projective Fano variety over an algebraically closed
field. Suppose X is Q-factorial and has at worst log terminal singularities. Then
(i) there is an effective divisor D ∈ | − mKX | for some m ∈ N such that
glct(X) = lct(X, 1
m
D), and
(ii) the global log canonical threshold glct(X) is a rational number.
Note that for any effectiveQ-divisorD, lct(X,D) is a rational number. Therefore
part (i) of Conjecture 1.4 implies part (ii). This conjecture is not known to be true
even for complex del Pezzo surfaces. However, there is strong evidence to support
it. In fact, in the case of complex del Pezzo surfaces with Du Val singularities, D
can be found in | − mKX | for m ≤ 6 (see [Kos09] and [PW10]). In this article
we verify Conjecture 1.4 for non-singular del Pezzo surfaces over an algebraically
closed field. Our computation shows that in this case we may take m = 1.
2In the context of the Minimal Model Programme, the terms a(Fj , X,D)Fj usually appear at
the other side of the inequality. Our notation is consistent with the literature on computations of
global log canonical thresholds, as in [Che08].
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In [CS08, Thm. A.3], Demailly gives an elegant proof of the following result: the
global log canonical threshold of a smooth complex Fano variety X coincides with
Tian’s α-invariant α(X) introduced in [Tia87]. Tian’s α-invariant is defined in a
differential-geometric context. The main result in [Tia87] is that if α(X) > n
n+1
where n is the dimension of X , then X can be equipped with a Kähler-Einstein
(KE) metric.
Ten years later, Tian proved [Tia97] that the existence of a KE metric in a non-
singular Fano variety is a sufficient condition for X to be analytically K-stable.
The definition of K-stability is rather technical and it involves the use of certain
deformations of X known as test configurations, so we refer the reader to [Oda] for
a detailed account.
Very recently, Chen, Donaldson and Sun (see [CDS12]), and Tian in [Tia12] have
independently proved that the existence of a Kähler-Einstein metric on a smooth
complex projective variety X is equivalent to X being K-stable. A direct algebraic
proof of the relation between the global log canonical threshold and K-stability
avoiding Kähler-Einstein metrics is known:
Theorem 1.5 ([OS12]). Let X be a Q-Fano variety of dimension n and suppose
that glct(X) > n
n+1 (resp. glct(X) ≥
n
n+1). Then, (X,OX(−KX)) is K-stable
(resp. K-semistable).
The proof uses resolution of singularities for dimension n, so it is valid in finite
characteristic when dim(X) ≤ 3.
Although it is introduced above in the context of Kähler-Einstein metrics, K-
stability is interesting in birational geometry on its own right. For instance, in
[Oda], Odaka shows that, given certain conditions, if (X,L) is K-stable where L is
an ample line bundle then X has only semi-log canonical singularities (the proof
assumes char(k) = 0).
The purpose of this article is to study the global log canonical thresholds of del
Pezzo surfaces, proving the following result:
Theorem 1.6 (Main Theorem). Let S be a non-singular del Pezzo surface over an
algebraically closed field k. Then:
glct(S) = ω :=


5/6 when K2S = 2 and | −KS | has no tacnodal curves,
3/4 when K2S = 2 and | −KS | has some tacnodal curve,
2/3 when K2S = 4,
Cheltsov computed the global log canonical threshold of all complex non-singular
del Pezzo surfaces [Che08, Thm. 1.7]. When K2S 6= 2, 4, Cheltsov uses Skoda’s
inequality (Lemma 2.5, for which we give an algebraic proof for surfaces), and
lemmas 2.4 and 2.2, as well as the classification of del Pezzo surfaces (see Theorem
2.10) as black boxes in his proof. In this article we show that all these tools hold
for algebraically closed fields. Therefore, together with Theorem 1.6 we obtain:
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Corollary 1.7. Let S be a non-singular del Pezzo surface over an algebraically
closed field k. Then:
glct(S) = ω :=


1 when K2S = 1 and | −KS | has no cuspidal curves,
5/6 when K2S = 1 and | −KS | has some cuspidal curve,
5/6 when K2S = 2 and | −KS | has no tacnodal curves,
3/4 when K2S = 2 and | −KS | has some tacnodal curve,
3/4 when K2S = 3 and ∀C ∈ | −KS|, C has no Eckardt points,
2/3 when K2S = 3 and ∃C ∈ | −KS| with some Eckardt point,
2/3 when K2S = 4,
1/2 when K2S = 5, 6 or S
∼= P1 × P1 (K2S = 8),
1/3 when K2S = 7, 9 or S
∼= F1 (K2S = 8).
Given that Theorem 1.5 is valid in finite characteristic for varieties of dimension
smaller or equal than 3, we conclude the following:
Corollary 1.8. Let S be a non-singular del Pezzo surface over an algebraically
closed field. If K2S ≤ 4, then S is K-semistable. If K
2
S ≤ 2 or K
2
S = 3 and S has
no Eckardt points, then S is K-stable.
To the best of the author’s knowledge these are the first examples of K-stable
Fano varieties over fields of finite characteristic. It is important to stress the sig-
nificance of this application. Testing K-stability on a variety X from the definition
requires computing the Donaldson-Futaki invariant of all test configurations X .
These are deformations of X over A1k, satisfying very mild properties. As a result,
testing K-stability from the definition is impractical, since it is difficult to obtain a
meaningful classification all test configurations for any given variety. When k = C,
the most common approach is to find a Kähler-Einstein metric. In finite character-
istic this is not possible and, albeit limited, Theorem 1.5 is the only known general
method. The classification of del Pezzo surfaces when char(k) = p > 0 is the same
as for k = C (see Theorem 2.10). Therefore, following the classification of K-stable
non-singular complex Fano surfaces, the author expects the following conjecture to
be true:
Conjecture 1.9. Let S be a non-singular del Pezzo surface over an algebraically
closed field of finite characteristic. Then S is K-stable if and only if S is not the
blow-up of P2 in one or two points.
The first result for del Pezzo surfaces in the direction of Theorem 1.6 appeared in
[Par01] where Park showed that (S, ωD) is log canonical for D ∈ |−KS|. Although
throughout his article it was assumed that the ground field k = C, the proof of this
particular result did not depend on transcendental methods.
1.1. Organisation of the article and techniques used. In section 2 we remind
the reader the basic classification of del Pezzo surfaces. Furthermore, we introduce
general results in log canonicity that we will use throughout the article. In section
3, the main part of the article, we deal with the case K2S = 4. We finish the article
with section 4, where we provide a simple proof for K2S = 2 which is independent
of the characteristic of the field.
Let us comment on the technique that Cheltsov uses to prove Corollary 1.7 when
K2S = 4 and k = C as well as the obstructions that make this unsuitable in finite
characteristic. We also explain our basic approach to overcome those obstructions.
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Roughly speaking, from [Par01], we can find an effective D ∈ | − KS | such that
(S, ωD) is strictly log canonical, i.e. lct(S, ωD) = 1. To show that glct(S) = ω = 23
Cheltsov proceeds by reductio ad absurdum, supposing there is an effective Q-divisor
D∼Q−KS such that (S, ωD) is not log canonical and deriving a contradiction. Let
us introduce the following definition:
Definition 1.10. The non-klt locus of a log pair (X,D =
∑
diDi) as in (1) is the
closed set:
Nklt(X,D) =

 ⋃
di≥1
Di

 ∪

 ⋃
aj≤−1
σ(Fj)

 ( X,
where σ is any proper birational modification. The non-klt locus is called the locus
of log canonical singularities in [Che08].
Cheltsov uses D to construct an effective Q-divisor D′∼QD such that −(KS +
ωD′) is ample and Nklt(S,D′) is disconnected. Then, he obtains a contradiction
using the Kollár-Shokurov connectivity principle:
Lemma 1.11 (see, for instance, [Kol97, Thm. 7.4]). Let X,Z be normal complex
varieties and f : X → Z be a contraction and D′ an effective Q-divisor on X
such that KX +D
′ is Q-Cartier. Assume −(KX + D′) is f -nef and f -big. Then
Nklt(X,D) is connected in a neighbourhood of any fibre of f .
The proof of this lemma uses Kawamata-Viehweg vanishing theorem for k =
C. In characteristic p there are counter-examples of Kawamata-Viehweg vanishing
when dim(X) ≥ 3.
The main bulk of our article is section 3, where we deal with the case K2S =
4. Subsection 3.1 is preparatory, studying curves of low degree and birational
morphisms S → P2 with certain properties. We then construct certain Q-divisors
G and H with certain properties in subsection 3.2. The construction is rather
technical, but necessary for the proof of Theorem 1.6. Therefore the reader may
want to skip it in a first read. Subsection 3.3 contains the main part of the proof
when K2S = 4 and it follows the following approach: for all effective Q-divisors
D∼Q − KS , we first show that Nklt(S,D) has codimension 2. If for such a Q-
divisor D, the pair (S,D) is not log canonical at some point p ∈ Supp(D), we use
intersection theory on D and the Q divisors G and H constructed previously to
obtain a contradiction, using the results in section 2. A crucial point in the proof
is that G and H contain p in their support.
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2. Basic Tools
2.1. Results in log canonicity.
Notation 2.1. Let S be a non-singular surface. Let f : S˜ → S be a proper
birational morphism and D an effective Q-divisor in S with proper transform D˜.
Then we can write (1) as
K
S˜
+ D˜ +
r∑
i=1
aiEi ≡ f
∗(KS +D),
where Ei are exceptional curves (Ei ∼= P1, E2i < 0) and ai are rational numbers.
Often f : S˜ → S will be the blow-up of a point p with exceptional curve E.
Other times f will be the minimal log resolution of (S,D). This will be clear from
the context, when not explicitly stated. We will denote the strict transform of any
Q-divisor B in S˜ by B˜.
Lemma 2.2. The log pair (S,D) is log canonical if and only if
(2) (S˜, D˜ +
r∑
i=1
aiEi)
is log canonical. In particular when f : S˜ → S is the blow-up of a point p ∈ S with
exceptional divisor E, the pair (S,D) is log canonical at p if and only if
(3) (S˜, D˜ + (multpD − 1)E)
is log canonical for all q ∈ E.
It is well known that log canonical pairs satisfy a convex property:
Lemma 2.3. Let S be a non-singular surface, D and B be effective Q-divisors on
S. If (S,D) and (S,B) are log canonical then, for all α ∈ [0, 1] ∩Q, the pair
(S, αD + (1− α)B)
is log canonical.
Proof. Let f : S˜ → S be any proper birational morphism with exceptional divisor⋃
Ei. Then we may write
αK
S˜
+ αD˜ + α
∑
aiEi∼Qαf
∗(KS +D),
(1− α)K
S˜
+ (1− α)B˜ + (1− α)
∑
biEi∼Q(1− α)f
∗(KS +B),
where ai ≤ 1, bi ≤ 1, since (S,D), (S,B) are log canonical. Adding the two
equivalences, we bound the discrepancies of (S, αD + (1 − α)B):
αai + (1− α)bi ≤ α+ (1− α) = 1. 
We will be interested in the contrapositive of this result:
Lemma 2.4 (Convexity). Given S a non-singular surface (at a point p), let D,B
be effective Q-divisors on S such that (S,B) is log canonical (at p) and (S,D) is
not log canonical (at p). Then, for all α ∈ [0, 1)
⋂
Q such that
D′ =
1
1− α
(D − αB)
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is effective, the pair (S,D′) is not log canonical (at p). Moreover if D∼QB, then
D′∼QD and we can choose α such that there is an irreducible curve Bi in the
support of B (with p ∈ Bi), such that Bi 6⊂ Supp(D′).
The following result is well known and it can be found (when the ground field is
C) on [Che08]. We provide an algebraic proof.
Lemma 2.5. Let S be a non-singular surface, D be an effective Q-divisor and C be
an irreducible curve on the surface S. We may write D = mC+Ω, where m ≥ 0 is a
rational number, and Ω =
∑
aiΩi is an effective Q-divisor such that C 6⊂ Supp(Ω).
Suppose the pair (S,D) is not log canonical at some point p ∈ S such that p ∈ C.
The following are true:
(i) multpD > 1.
(ii) The curve C ⊂ Nklt(S,D) if and only if m ≥ 1. In particular, (S,D) is
not log canonical along C, if and only if m > 1.
(iii) If m ≤ 1 and p ∈ C with C non-singular at p, then C · Ω > 1.
Inequality (i) is sometimes known in complex geometry as Skoda’s inequality
(see [DH12]).
Proof. Part (ii) follows from the definition of Nklt(S,D). For parts (i) and (iii)
suppose (S,D) is not log canonical at p. Consider f : S˜ → S, the minimal log
resolution of (S,D) around p, where the components of f−1(D) have simple normal
crossings. By Lemma 2.2, the pair
(S˜, D˜ +
N∑
i=1
aiEi)
is not log canonical. We do induction on the number N of exceptional divisors.
For the induction hypothesis we assume that (i) and (iii) hold if the minimal log
resolution of a pair consists on at most N blow-ups. Suppose the log resolution
of (S,D) consists of (N + 1) blow-ups. Let σ : S1 → S be the blow-up of p with
exceptional divisor E1. Since the minimal log resolution is unique, f factors through
S1, i.e. there is a birational morphism g : S˜ → S1 consisting of N blow-ups, such
that f = σ ◦ g. By Lemma 2.2, the pair
(4) (S1, D1 + (multpD − 1)E1)
is not log canonical at some q ∈ E1, where D1, C1 and Ω1 are the strict transforms
of D, C and Ω, respectively.
We will prove (i) first, and then (iii). For (i), in the initial step of induction,
N = 0, D is non-singular at p, so we can assume D = aD1 around p. Since (S,D)
is not log canonical, a > 1, so multp(D) = a > 1. For the inductive step, suppose
that the log resolution of (S,D) consists of N + 1 blow-ups. Then the minimal
log resolution of the pair (4) consists of N blow-ups. Therefore we may apply the
induction hypothesis to show
1 < multqD1 + (multpD − 1) ≤ 2multpD − 1
which implies multpD > 1.
For part (iii) we observe that Supp(D) is singular at p. If it was not, then
D = mC near p and m > 1 since (S,D) is not log canonical. Therefore the
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minimal log resolution of (S,D) consists of N ≥ 1 blow-ups. The initial step for
the induction occurs when (4) is already a log resolution (N = 1). Then
1 < multpD − 1 = multpΩ +m− 1 ≤ multpΩ ≤ C · Ω,
proving the claim.
Suppose multpD − 1 ≤ 1. Then the pair (4) is not log canonical at some point
q ∈ E1 and log canonical near q. The log resolution of the pair (4) consists of
N − 1 ≥ 1 blow-ups and we can assume part (iii) in the statement is verified for
(4) by the induction hypothesis, where we substitute C by E1 or C1, the strict
transform of C in S1. Denote the strict transform of Ω in S1 by Ω1. If q ∈ C1, then
by the induction hypothesis
1 < C1 · (Ω1 + (multpD − 1)E1) = C · Ω +m− 1 ≤ C · Ω
since m ≤ 1. If q 6∈ C1, then the pair
(S1,Ω1 + (multpD − 1)E1)
is not log canonical at q and by the induction hypothesis we have
1 < E1 · Ω1 = multpΩ ≤ C · Ω.

Since the first version of this manuscript, Lemma 2.5 has been generalised, using
the same approach of induction in the number of blow-ups:
Theorem 2.6 (see [Che13, Theorem 13] or [Mar13, Theorem 2.3.11]). Let S be a
surface and p ∈ S be a non-singular point. Let
(S, a1C1 + a2C2 +Ω)
be a log pair which is not log canonical at p ∈ S but is log canonical near p. Suppose
that (C1 · C2)|p = 1, C1, C2 are non-singular at p and C1, C2 6⊆ Supp(Ω). Suppose
that a1 > 0, a2 > 0 and 0 < multpΩ ≤ 1. Then
(Ω · C1)|p > 2(1− a2) or (Ω · C2)|p > 2(1− a1).
2.2. del Pezzo surfaces. We recall some standard results of surfaces that we will
use often.
Definition 2.7. A del Pezzo surface S over an algebraically closed field k is a non-
singular surface whose anticanonical divisor, −KS is ample. Given any effective
Q-divisor D 6= 0, its anticanonical degree (or just degree) is the positive rational
number defined by
deg(D) = (−KS) ·D.
If D is a divisor, deg(D) is a positive integer. The degree of S is the positive integer
deg(S) = (KS)
2.
We will call effective divisors of degrees 1, 2, 3, . . . lines, conics, cubics... respec-
tively.
Theorem 2.8 ([Man86, Chapter IV,Theorem 24.3 (ii)]). Let S be a del Pezzo
surface. Then every irreducible curve with a negative self-intersection number is
exceptional.
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Definition 2.9. A set of distinct points {p1, . . . , pr} on P2k with r ≤ 8 are in general
position if no three of them lie on a line, no six of them lie on a conic and a cubic
containing 7 points, one of them double, does not contain the eighth one.
We can classify del Pezzo surfaces:
Theorem 2.10 ([Man86, Chapter IV, Theorems 24.3, 24.4, 26.2]). Let S be a del
Pezzo surface of degree d. Then 1 ≤ d ≤ 9 and either S = P1 × P1 (degS = 8) or
S is a blow-up of P2 in 9− d points in general position pi : S → P2.
Conversely, any blow-up of P2 in 9− d points in general position, for 1 ≤ d ≤ 9
is a del Pezzo surface of degree d. We call the morphism pi a model of S.
There are further ways of classifying del Pezzo surfaces. For instance, a del Pezzo
surface S has deg(S) = 4, if and only if S is the non-singular complete intersection
of two quadrics in P4. A del Pezzo surface has deg(S) = 3 if and only if S is a
non-singular cubic surface.
Theorem 2.10 implies that del Pezzo surfaces are rational. The following result
applies:
Proposition 2.11. For S a non-singular rational surface and C an effective divisor
in S with arithmetic genus pa(C) = 0, we have
(5) h0(S,OS(C)) ≥ (−KS) · C.
Proof. By Serre Duality:
h2(S,OS(C)) = h
0(S,OS(KS − C)) = 0,
since S is rational. By the Riemann-Roch theorem:
h0(S,OS(C)) ≥
1
2
C · (C −KS) + 1 = −KS · C + pa(C),
where we use the genus formula. 
3. del Pezzo Surface of degree 4
Let S be a del Pezzo surface of degree 4. In this section we prove glct(S) = ω :=
2
3 . We first classify low degree curves on S (subsection 3.1). Then, we construct
effective anticanonical Q-divisors G and H with certain good properties (subsection
3.2). These are used to prove Theorem 1.6 when K2S = 4 (subsection 3.3).
3.1. Curves of low degree and models of S. Let pi : S → P2 be the blow-up
at points p1, . . . , p5 ∈ P2 in general position. Let E1, . . . , E5 be the exceptional
divisors. Recall −KS ∼ pi∗(OP2(3))−
∑5
i=1 Ei and E
2
i = −1.
Observe Table 1. In the first column we have defined certain complete linear
systems LS in S. Let C ∼ LS be any divisor. Its numerical properties (C2, deg(C))
are the same for any divisor in a given LS and are easy to compute. We list them
in the second and third columns of Table 1. Note that, by the genus formula,
pa(C) = 0 in all cases.
If degC = 1, then by Proposition 2.11, h0(LS) ≥ 1. It is well-known that a del
Pezzo surface has a finite number of lines (see [Mar13, Lemma 3.1.13] or [Har77,
Thm. V.4.9] for cubic surfaces). Hence h0(LS) = 1 and we can find a unique curve
C′ ∈ LS. The notation for each particular C′ is in the last column of the table.
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Linear system LS degC C2 Fix p Fix q C′
|Ei| 1 −1 N N Ei
Lij = |pi∗(OP2(1))− Ei − Ej | 1 −1 N N Lij
C0 =
∣∣∣∣∣pi∗(OP2(2))−
5∑
i=1
Ei
∣∣∣∣∣ 1 −1 N N C0
Bi = |pi∗(OP2(1))− Ei| 2 0 Y N Bi
Ai =
∣∣∣∣∣∣∣∣pi
∗(OP2(2))−
5∑
j=1
j 6=i
Ej
∣∣∣∣∣∣∣∣ 2 0 Y N Ai
Qi =
∣∣∣∣∣∣pi∗(OP2(3))− Ei −
5∑
j=1
Ej
∣∣∣∣∣∣ 3 1 Y Y Qi
R = |pi∗(OP2(1))| 3 1 Y Y R
Rijk = |pi∗(OP2(2))− Ei − Ej − Ek| 3 1 Y Y Rijk
Table 1. Catalogue of curves of low degree in S.
If degC = 2, then by Proposition 2.11, h0(LS) ≥ 2. Take LS ′ ⊂ LS to be the
sublinear system fixing p. Then h0(LS ′) ≥ 1 and we can find a curve C′ ∈ LS with
p ∈ C′. The notation for each particular C′ is in the last column of the table.
When the curve C′ is irreducible, we can realise it as the strict transform of an
irreducible curve in P2 via the model pi. For instance Lij is the strict transform of
the unique line through pi and pj . C0 is the strict transform of the unique conic
through all pi. Bi is the strict transform of a line passing through pi and Ai is the
strict transform of a conic through all pj but pi. The last three rows of Table 1
deal with cubics and they are treated in Lemma 3.7.
In order to understand the geometry of S we need to understand which are its
curves of low degree and how they intersect each other. We have just constructed
some of these curves in Table 1. In this section, among other properties of the low
degree curves constructed above, we will show that the lines in Table 1 are all the
lines in S. Furthermore, we will show that the conics in Table 1 are all the conics in
S passing through a given point p. Finally, there is more than one model S → P2
that characterises S as a blow-up of the plane in 5 points. We will also show how
we can choose a model adequate to our needs.
Lemma 3.1. Let S be a del Pezzo surface of degree 4 and C′ ∈ LS a curve as in
Table 1. Suppose C′ is irreducible. Then C′ is non-singular.
Proof. Suppose LS 6= Qi. Then, pi(C′) is an irreducible curve of degree 1 or 2 in
P2. Therefore pi(C′) is non-singular. Since S is just the blow-up of non-singular
points of P2, if pi(C′) is a non-singular curve of P2, then its strict transform C′ is a
non-singular curve in S.
Suppose C′ = Qi ∈ LS. The irreducible curve pi(Qi) is an irreducible cubic curve
in P2 with multiplicity 2 at pi. Its strict transform Qi in S must be non-singular,
since it is enough to blow-up S once at pi to resolve pi(Qi). 
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Lemma 3.2 (see [Mar13, Lemma 3.3.2]). The 16 lines in Table 1 are all the lines
in S. The intersection of these lines are:
Ei ·Ej = −δij , Lij · Ei = Lij ·Ej = 1, C0 · Ei = 1, C
2
0 = −1,
C0 · Lij = 0, Lij · Lkl =


−1 if i = k and j = l,
0 if only two subindices are equal,
1 if none of the subindices are equal.
Lemma 3.3. Given a line L ⊂ S, we can choose a model γ : S → P2 such that
L = E1. If p = L1 ∩ L2, the intersection of two lines, we can choose γ such that
L1 = E1, L2 = L12.
Proof. We construct γ : S → P2 by contracting 5 disjoint exceptional curves Fi (i.e.
Fi · Fj = 0 if i 6= j). Let F1 = L.
(i) If F1 = E1, take F2 = E2, F3 = L34, F4 = L35, F5 = L45.
(ii) If F1 = C0, take Fj = L1j.
(iii) If F1 = L12, take Fi = L1 (i+1) for 2 ≤ i ≤ 4, F5 = C0.
Obvious relabelling exhausts all possibilities for L among the 16 lines in Lemma
3.2. By Castelnuovo contractibility criterion [Har77, Thm. V.5.7] we can contract
each Fi, leaving every other point intact. The image of γ is P2, because the relative
minimal model of S once 5 exceptional curves are contracted is unique. For the
second part we can assume already L1 = E1 and run this lemma again. In that
case we are in case (i) above and the lemma follows. 
As with Lemma 3.2 one can show:
Lemma 3.4 (see [Mar13, Lemma 3.3.4]). If C is an irreducible conic in S passing
through p, then C = Ai or C = Bi, with pi(C) either a conic through all marked
points but pi or a line through p and pi, respectively.
Lemma 3.5. Given C an irreducible conic in S, p ∈ C, we can choose a model
γ : S → P2 such that under that model the curve C can be realised as C = Ai for
any i in Table 1, unless p ∈ E1 in which case i 6= 1.
Proof. If p ∈ L, a line in S, assume L = E1 by Lemma 3.3. We have C 6= A1 since
otherwise
0 = A1 ·E1 = C · E1 ≥ multp(C) ·multp(E1) = 1,
a contradiction.
If C = B1, take Fi and γ : S → P2 as in the proof of Lemma 3.3, case (i). Because
C is irreducible, C = γ(B1) = OP2(d) by the genus formula on P
2. Moreover:
B1 ∼ γ
∗(OP2(d)) −
5∑
i=1
(Fi · B1)Fi = γ
∗(OP2(d)) − F1 − F3 − F4 − F5,
and 2 = B1 · (−KS) = 3d− 4, so d = 2. Therefore under the new blow-up C is A2.
By obvious relabelling of the Fj we can consider C = Ai with i 6= 1.
If C = Bi, with i 6= 1, then p 6∈ E1 since C is irreducible. If C = B2, the same
choice of Fi gives us C = A1 under the new blow-up. If C = Bi for i = 3, 4, 5 take
F1 = E1, F2 = Ei, F3 = Ljk, F4 = Ljl, F5 = Lkl for different j, k, l ∈ {1, . . . , 5} \ {i}
and C = Ai under γ. 
Lemma 3.6. Let p ∈ L, where L is a line, and let C1, C2 be distinct irreducible
conics passing through p. Then C1 and C2 intersect normally at p.
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Proof. By Lemma 3.5 we may assume that L = E1 and C1 = Ai for some 2 ≤ i ≤ 5.
Without loss of generality we may assume that C1 = A2. Note that C2 6= A1, Bj ,
for j > 1 since E1 · A1 = E1 · Bj = 0 and C2 being irreducible would give a
contradiction:
0 = E1 · C2 ≥ multpE1 ·multpC2 ≥ 1.
By Lemma 3.4 we have that C2 = B1 or C2 = Ai for i 6= 1, 2. In both cases
C2 ·A2 = 1, obtaining simple normal crossings at p:
1 = C2 · A2 ≥ (C2 · A2)|p.

We finish this subsection with a study of the cubic curves of S.
Lemma 3.7. Let LS be one of the complete linear systems of degree 3 in the last
three rows of Table 1. Let σ : S˜ → S be the blow-up of some point p ∈ S with
exceptional curve E ⊂ S˜. Let q ∈ E. We distinguish the following cases:
(1.1) The point p does not lie in any line and q does not lie in the strict transform
of any conic. Then there is C′ ∈ LS irreducible and non-singular with
p ∈ C′ and q ∈ C˜′.
(1.2) The point p does not lie on a line, q ∈ A˜1 and q 6∈ B˜1. Then for LS ∈
{R1ij ,Q1,R} there is C′ ∈ LS irreducible and non-singular such that p ∈
C′ and q ∈ C˜′.
(2.1) The point p ∈ E1 and no other line, q 6∈ E˜1 and q does not lie in the
strict transform of any conic. Then for LS ∈ {R1jk, Qi} there is C′ ∈ LS
irreducible and non-singular such that p ∈ C′ and q ∈ C˜′.
(2.2) The point p ∈ E1 and no other line, q 6∈ E˜1 and q ∈ A˜5. Then for LS ∈
{R1j5,Q5} there is C′ ∈ LS irreducible and non-singular such that p ∈ C′
and q ∈ C˜′.
(2.3) The point p ∈ E1 and no other line, q ∈ E˜1. Then there is Q1 ∈ Q1
irreducible and non-singular such that p ∈ Q1 and q ∈ Q˜1.
In each case, denote C′ by the letter in the last column of Table 1. The cases
considered can be expanded including, for instance, when p is the intersection of
two lines. However, for our purposes the current statement is sufficient.
Proof. First observe that by Lemma 3.1 all irreducible curves in LS are non-
singular.
Let LS ′ = {D ∈ LS : p ∈ Supp(D)} and let L˜S ′ = |σ∗(LS ′) − E|. By
Proposition 2.11
h0(L˜S ′) = h0(LS ′) = h0(LS)− 1 ≥ 2,
so we can choose B ∈ L˜S ′ an effective divisor passing through q. We distinguish
two cases.
Case A: E 6⊂ Supp(B). Then let C′ = σ∗(B) and B = C˜′ ∼ σ∗(C′)− E where
B · E = 1. In particular C′ is non-singular at p. If C′ is irreducible, we are done.
Suppose for contradiction that C′ is reducible, then C′ = L+F , the union of a line
L and a (possibly reducible) conic F not intersecting at p. Under the hypothesis of
(1.1) this is impossible. Under the hypothesis of (1.2), F = A1, but then C
′ − A1
is not in the rational class of any line in Lemma 3.2, giving a contradiction.
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Under the hypothesis of (2.1), if p ∈ L, then L = E1, but since q ∈ C˜′ and
q 6∈ E˜1, then q ∈ F˜ , which is impossible. Therefore p ∈ F and hence q ∈ F˜ , which
is also impossible, giving a contradiction.
Under the hypothesis of (2.2), we must have F = A5, but then LS −A5 should
be the class of a line, which is impossible for LS as in (2.2).
Under the hypothesis of (2.3) either q ∈ E˜1 or q ∈ F˜ . Suppose the latter, we can
assume, by using Lemma 3.4 and Lemma 3.5 that F = A5 ∼ pi∗(OP2(2))−
∑4
i=1Ei.
A5 is irreducible, since otherwise La ∼ A5 − E1 ∼ pi∗(OP2(2)) − 2E1 −
∑4
i=2Ei,
would be a line. Since A5 · E1 = 1, both curves intersect transversally at p. This
is impossible, since q ∈ A˜5 ∩ E˜1. We conclude that q does not belong to the strict
transform of any conic. Therefore L = E1, but then F ∼ Q1 − E1 = pi∗(OP2(2))−
3E1 −
∑5
i=2Ei and there is no conic in Lemma 3.4 in that class, nor it is possible
to find two lines in Lemma 3.2 whose sum adds up to F .
Case B: E ⊂ Supp(B). Let B = A + bE where E 6⊂ Supp(A), b ≥ 1 is an
integer and A is effective. We want to show this is impossible under the different
assumptions. Let C′ = σ∗(B) = σ∗(A) ∈ LS. Then C˜′ = A = B − bE ∼
σ∗(C′)− (b + 1)E, and C′ is singular at p and reducible by Lemma 3.1. We write
C′ = L + F , the union of a line L and a (possibly reducible) conic F intersecting
at p. Under the hypothesis of (1.1) and (1.2) this is impossible since p does not
belong to any line. Under the hypothesis of (2.1), (2.2) and (2.3), then L = E1 and
F is irreducible, but in each case F ∼ LS − E1 is not the class of an irreducible
conic by Lemma 3.4. 
3.2. Auxiliary Q-divisors. In this section we will use the rational curves con-
structed in the previous section to show the existence of certain effective anti-
canonical Q-divisors with good local properties and controlled singularities. These
Q-divisors are used in the proof of Theorem 1.6, when K2S = 4.
Lemma 3.8. Given an integral curve C ⊂ S with degC ≤ 2, there is an irreducible
curve Z such that Z + C ∈ | −KS|.
Proof. Given p ∈ C, denote by σ : S˜ → S the blow-up at p and C˜ the strict
transform of C.
If degC = 1 we can assume C = E1 by Lemma 3.3. Consider
Q1 = |pi
∗(OP2(3))− 2E1 − E2 − · · · − E5|.
Choose p ∈ E1 not passing through any other line and q ∈ E˜1. By Lemma 3.7 there
is an irreducible and non-singular curve Z = Q1 ∈ Q1.
If degC = 2 by Lemma 3.5 assume C = A1. Choose p ∈ A1 such that p is not
in any line and take Z = B1 ∈ B1, which is irreducible (see proof of Lemma 3.9,
case 1). In both cases C + Z ∼ −KS. 
We provide a joint proof of the next two lemmas.
Lemma 3.9. Let S be a del Pezzo surface of degree 4. Let p ∈ S be a point
belonging to at most one line. There is an effective Q-divisor G =
∑
giGi∼Q−KS,
where all Gi are irreducible and non-singular curves and such that
(i) the pair (S, 23G) is log canonical,
(ii) the point p ∈ Gi for all Gi,
(iii) degGi ≤ 2 for all Gi.
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Lemma 3.10. Let S be a del Pezzo surface of degree 4 and p ∈ S be a point which
belongs to at most one line. Let σ : S˜ → S be the blow-up of p with exceptional
curve E. Let q ∈ E be a given point. There exists an effective Q-divisor H =∑
hiHi∼Q −KS where Hi are irreducible and non-singular curves and such that:
(i) the pair (S, 23H) is log canonical,
(ii) the point p ∈ Hi for all Hi,
(iii) degHi ≤ 3 for all Hi,
(iv) if degHi > 1, then the point q ∈ H˜i, the strict transform of Hi via σ.
Proof of lemmas 3.9 and 3.10. We construct G and H by case analysis on the po-
sition of p ∈ S and q ∈ E. We use curves from Table 1, which are lines, conics and
cubics. These were constructed depending on p and q and were possibly reducible.
Conditions (ii) and (iii) will be clear by construction, as well as condition (iv), for
H .
We will check that (S, 23G) and (S,
2
3H) are log canonical. Note that it is some-
times enough to check multpH ≤
3
2 , since if (S,
2
3H) is not log canonical, then
multpH >
3
2 by Lemma 2.5 (i).
The main task is to show that the curves chosen for each particular case are
indeed irreducible. Ultimately this is the reason for our break down into cases.
Irreducible curves in Table 1 are non-singular by Lemma 3.1.
Case 1.
Assumption 1: p is not in any line. In particular p 6∈ Ei for all i. Let G =
A1+B1 ∼ −KS. Since all curves C ⊂ Supp(G) are conics, if C = La+Lb, the sum
of two lines, then p is in one line, contradicting Assumption 1. Moreover (S, 23G) is
log canonical, since A1 and B1 intersect either in a tacnodal point or with simple
normal crossings.
Subcase 1.1.
Assumption 1.1: q is not in the strict transform of conics in S passing through
p. Let H = 12R +
1
6
∑5
i=1Qi∼Q −KS. Again, Assumption 1 and Assumption 1.1
assure that R and Qi are irreducible. Finally
multp(H) =
[
1
2
+ 5 ·
1
6
]
=
8
6
<
3
2
.
Subcase 1.2.
Assumption 1.2: The point q ∈ C˜, the strict transform of a conic in S. By
Assumption 1, q 6∈ L˜, for L a line in S. Without loss of generality assume C = A1,
which is irreducible (use Lemma 3.5). Observe that given a conic C′ 6= A1 with
p ∈ C′, then A1 ·C′ = 1 unless C′ = B1. If (A1 ·B1)|p = 1 then A1 is the only conic
such that q ∈ A˜1. Suppose C′ 6= B1 or C′ = B1 with (A1 ·B1)|p = 1. In particular,
q 6∈ C˜′. Let
H =
1
2
A1 +
1
2
R125 +
1
2
R134∼Q −KS .
All components of Supp(H) are irreducible by Lemma 3.7. Finally
multp(H) =
[
1
2
+
1
2
+
1
2
]
=
3
2
.
Suppose (A1 ·B1)|p = 2. Then q = B˜1 ∩ A˜1. Let H = A1 +B1 ∼ −KS. Clearly
A1, B1 are irreducible by Assumption 1 and (S,
2
3H) is log canonical by Case 1.
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Case 2. Suppose p ∈ L, a line in S and no other line. By Lemma 3.3 we can
consider L = E1.
Assumption 2: p ∈ E1 and p 6∈ L, any other line different than E1. Take
G =
1
3
5∑
j=2
Aj +
1
3
B1 +
2
3
E1∼Q −KS .
B1 is irreducible, since otherwise
pi∗(OP2(1))− E1 ∼ B1 = La + E1,
and La ∼ pi∗(OP2(1))− 2E1 is a line in S contradicting Lemma 3.2.
The curves Aj are irreducible too. If they were not irreducible, then
pi∗(OP2(2))−
5∑
k=1
k 6=j
Ek∼QAj = Lb + E1,
where
p 6∈ Lb = Aj − E1 ∼ pi
∗(OP2(2))− 2E1 −
5∑
k=2
k 6=j
Ek
is a line, but there is no such a line in S, by Lemma 3.2.
Since
E1 · Aj = B1 · E1 = Aj ·B1 = Aj ·Ak = 1, j 6= 1, k 6= j, k 6= 1,
all curves in Supp(G) intersect each other transversely so we blow up once to obtain
simple normal crossings:
σ∗(λG+K
S˜
)∼QλG˜+
((
4 ·
1
3
+
1
3
+
2
3
)
λ− 1
)
F1 = λG˜+ (
7
10
λ− 1)F1,
and λ = 23 gives Disc(S, λD) ≥ −1 and (S,
2
3G) is log canonical.
Subcase 2.1.
Assumption 2.1: q 6∈ C˜ for C any line or conic in S. In particular q 6∈ E˜1. Let
H =
1
8
∑
2≤j<k≤5
R1jk +
1
8
5∑
i=2
Qi +
1
4
E1∼Q −KS
By Lemma 3.7, all components of Supp(H) are irreducible. Moreover
multp(H) =
(
1
8
· 6 +
1
8
· 4 +
1
4
· 1
)
=
3
2
.
Subcase 2.2.
Assumption 2.2: q ∈ C˜, for some conic C in S but q 6∈ L˜, for all lines L in S. In
particular C is irreducible and q 6∈ E˜1. By lemmas 3.4 and 3.5 we can assume that
C ∼ pi∗(OP2(2))−
5∑
i=1
i6=k
Ei ∼ Ak, for k 6= 1.
where p ∈ C = Ak, k 6= 1, with q ∈ C˜. Moreover, since q ∈ A˜k, Assumption 2.2
assures Ak is irreducible.
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Without loss of generality, suppose k = 5. Suppose there is another conic C′ in
S such that p ∈ C′, q ∈ C˜′ and C′ 6= A5. Since p ∈ C′ ∩ E1, by Lemma 3.4 either
C′ = B1 or C
′ = Aj , for j 6= 1, 5. However A5 · B1 = 1, Ai · A5 = 1 for i 6= 1, 5.
Therefore in both cases C′ and A5 intersect transversely and q 6∈ C˜′. Let
H =
3
5
A5 +
1
5
(R125 +R135 +R145) +
1
5
Q5 +
2
5
E1∼Q −KS .
All components of Supp(H) are irreducible by Lemma 3.7.
We show that (S, 23H) is log canonical. Let σ0 : S0 → S be the blow up at p
with exceptional divisor F1 with q ∈ F1. Table 2 gives the intersection numbers in
S0. Since all curves other that E1 in Table 2 intersect normally and pass through
A˜5 R˜125 R˜135 R˜145 Q˜5 E˜1 F1
A˜5 1 1 1 1 0 1
R˜125 1 1 1 0 1
R˜135 1 1 0 1
R˜145 1 0 1
Q˜5 0 1
E˜1 1
Table 2. Intersection numbers for subcase 2.2.
q, we just need to blow up q to obtain simple normal crossings. Let σ : S˜ → S be
the composition of both blow-ups and F2 be the second exceptional divisor. Then:
σ∗(λH +K
S˜
)∼QλH˜ +
((
3
5
+ 3 ·
1
5
+
1
5
+
2
5
)
λ− 1
)
F1+((
7
5
+
9
5
)
λ− 2
)
F2,
and for λ = 23 , the pair (S, λH) is log canonical.
Subcase 2.3.
Suppose that under Assumption 2 q ∈ L˜ for some line L in S. Then L = E1.
Assumption 2.3: q ∈ E˜1. Suppose for contradiction that q ∈ C˜ where C is
a conic in S. As in case 2.1 we can assume, by using Lemma 3.4 and Lemma
3.5 that C = A5 ∼ pi∗(OP2(2)) −
∑4
i=1Ei. A5 is irreducible, since otherwise
La ∼ A5 − E1 ∼ pi∗(OP2(2)) − 2E1 −
∑4
i=2Ei, would be a line in Lemma 3.2.
Since A5 ·E1 = 1, A5 and E1 intersect transversally at p. This is impossible, since
q ∈ A˜5 ∩ E˜1. We conclude that q does not belong to the strict transform of any
conic. Now, take
H = Q1 + E1 ∼ −KS.
By Lemma 3.7 the curve Q1 is irreducible. The pair (S,
2
3H) is log canonical, since
Q and E1 intersect each other at worst at a tacnodal point.

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3.3. Proof of Theorem 1.6 in degree 4. In this section we show that glct(S) =
2
3 . We start by showing that glct(S) ≤
2
3 . Take p = E1 ∩ L12 and the conic A2,
which is non-singular and irreducible. Consider G = E1 + L12 + A2 ∼ KS . The
result follows, since glct(S) ≤ lctp(S,G) = 2/3.
We need to show glct(S) ≥ 23 . We proceed by contradiction. Suppose there is
an effective Q-divisor
D =
∑
diDi∼Q −KS, di > 0 ∀i
such that (S, λD) is not log canonical for some λ < 23 . Then Nklt(S, λD) 6= ∅.
Lemma 3.11. Nklt(S, λD) contains only isolated points.
Proof. If C ⊂ Nklt(S, λD), where C is a curve, then C = Di for some Di such that
di >
3
2 by Lemma 2.5 (ii). Then
4 = −KS ·D =
∑
di deg(Di) >
3
2
deg(Di),
so deg(Di) ≤ 2. Using Lemma 3.8 choose an irreducible curve Z such that Di + Z
is cut out by a hyperplane section of S passing through Di. We have Di + Z ∼
−KS∼QD. In particular degZ ≥ 2, so Z ·Dj ≥ 0 for all irreducible Dj (since only
lines can have negative self-intersection). Then
(Z ·D) ≥ di(Z ·Di) = di(−KS −Di) ·Di = di (degDi − (degDi − 2)) = 2di > 3
by the genus formula, since all lines and conics in S are rational. But Z · D =
4− degDi ≤ 3, giving a contradiction. 
Let p ∈ Nklt(S, λD), i.e. the pair (S, λD) is not log canonical at some point p.
Lemma 3.12. The point p is not in the intersection of two lines.
Proof. Suppose for contradiction that p is the intersection of two lines. By Lemma
3.3 we may choose pi : S → P2 such that p = E1 ∩ L12. For L = E1, L12 we have
that L ⊆ Supp(D) since otherwise
1 = L ·D ≥ multpD >
1
λ
> 1,
by Lemma 2.5 (i). Hence we may write D = aE1 + bL12 + Ω where a, b > 0 and
E1, L12 6⊆ Supp(Ω).
Observe that the curve A2 in Table 1 with p ∈ A2 is irreducible, since otherwise
there would be lines passing through p with either of the following rational classes
A2 − E1 ∼ pi
∗(OP2(2))− 2E1 − E3 − E4 − E5,
A2 − L12 ∼ pi
∗(OP2(1)) + E2 − E3 − E4 − E5,
which is impossible by Lemma 3.2. Since
A2 ·E1 = A2 · L12 = L12 ·E1 = 1,
the pair (S, λ(A2 +E1+L12)) is log canonical for λ ≤
2
3 . Therefore, by Lemma 2.4
we may assume that A2 6⊂ Supp(D). We conclude
(6) 2 ≥ D · A2 ≥ a+ b+multpΩ ≥ a+ b.
Now observe that
1 = E1 ·D ≥ −a+ b+multpΩ,
1 = L12 ·D ≥ a− b+multpΩ,
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and adding these two equations it follows that multpΩ ≤ 1. The hypotheses of
Theorem 2.6 are satisfied. Therefore one of the following holds:
2(1− λa) < L12 · (λΩ) = λ(1− a+ b)
2(1− λb) < E1 · (λΩ) = λ(1 + a− b).
Since the roles of a and b are symmetric, it is enough to disprove the latter equation
to obtain a contradiction. Indeed, the last inequality implies
2 < λ(1 + a+ b) ≤ 3λ < 2
by (6), a contradiction. 
Let G be the effective Q-divisor in Lemma 3.9. Recall that (S, λG) is log
canonical and that all irreducible components Gj ⊂ Supp(G) satisfy p ∈ Gj . By
Lemma 2.4, we can assume there is an irreducible curve Gj ⊂ Supp(G) such that
Gj 6⊂ Supp(D). Then
2 ≥ degGj = (−KS) ·Gj = D ·Gj ≥ multp(D) ·multp(Gj) ≥ multp(D).
Therefore, we have bounded the multiplicity of D at p:
(7) 2 ≥ multp(D) ≥
3
2
.
Let σ : S˜ −→ S be the blow-up of p with exceptional divisor E. By Lemma 2.2
the pair
(S˜, λD˜ + (λmultpD − 1)E)
is not log canonical at some q ∈ E. By (7), the pair is log canonical near q ∈ E.
Applying Lemma 2.5 (i) to this pair we obtain:
(8) multq(D˜) + multpD > 3.
Given p ∈ S and q ∈ E ⊂ S˜ as above, we apply Lemma 3.10 to obtain an
effective Q-divisor H =
∑
hiHi on S such that deg(Hi) ≤ 3 for all i, (S, λH) is
log canonical with p ∈ Hj for all irreducible components Hj and q ∈ H˜j whenever
degHj > 1. Observe that if degHi = 1, then Hi ⊂ Supp(D), since otherwise
3
2
≤ multp(D) ≤ D ·Hi = 1.
which is impossible.
Since (S, λH) is log canonical, by Lemma 2.4 we may assume that there is
Hj 6⊂ Supp(D) such that q ∈ H˜j , p ∈ Hj and 2 ≤ deg(Hj) ≤ 3. Then
H˜j · D˜ = Hj ·D −multp(Hj) ·multp(D) ≤ 3−multp(D).
But H˜j 6⊂ Supp(D˜), so
3−multp(D) ≥ H˜j · D˜ ≥ multq(D˜),
contradicting (8). This completes the proof of Theorem 1.6 when K2S = 4.
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4. del Pezzo surface of degree 2
Let S be a del Pezzo surface of degree 2. We prove Theorem 1.6 for this case.
Let ω = 34 if | − KS| has some tacnodal curve and ω =
5
6 otherwise. By [Par01],
if there is a tacnodal curve C ∈ |KS |, then lct(S,C) =
3
4 . Otherwise we can take
C ∈ |KS | a cuspidal rational curve and lct(S,C) =
5
6 . Therefore glct(S) ≤ ω. We
need to show:
glct(S) ≥ ω.
We proceed by contradiction. Suppose there is an effective Q-divisor D∼Q − KS
such that (S, ωD) is not log canonical. Reasoning as in Lemma 3.11 we can show
that the non-klt locus Nklt(S, ωD) consists of isolated points. Let p ∈ S be one of
these points. Let C ⊂ | −KS | be the sublinear system fixing p. Suppose there is a
curve C ∈ C singular at p. The curve C is the union of two lines intersecting at a
tacnode or with simple normal crossings, a cuspidal rational curve or a nodal curve,
so (S, ωC) is log canonical. By Lemma 2.4 we may assume there is one component
of C not in Supp(D). The curve C is reducible, since otherwise:
2 = C ·D ≥ multpD ·multpC >
2
ω
> 2,
by Lemma 2.5 (i). If C = L1 + L2, the union of two lines intersecting at p,
then (S, ω(L1 + L2)) is log canonical and by Lemma 2.4 we may assume that
L1 6⊂ Supp(D). Then
(9) 1 = L1 ·D ≥ multpD >
1
ω
> 1,
giving a contradiction by means of Lemma 2.5 (i).
Therefore, we may assume that all C ∈ |−KS| passing through p are non-singular
at p. Let σ : S˜ → S be the blow-up at p with exceptional divisor E. Let D˜ be the
strict transform of D in S˜. Lemma 2.2 implies that the pair
(10) (S˜, ωD˜ + (ωmultpD − 1)E)
is not log canonical at some point q ∈ E. Choosing a general C ∈ | −KS | with p
in C we obtain that 2 = C ·D ≥ multpD, so ωmultpD− 1 ≤ 1 and the pair (10) is
log canonical near q. Applying Lemma 2.5 (i) to this pair, we conclude
(11) multqD˜ +multpD >
2
ω
.
By Proposition 2.11 pick C ∈ C such that q ∈ C˜. By Lemma 2.4, if C is irreducible,
then C 6⊂ Supp(D) and by (11) we obtain
2−multpD = C˜ · D˜ ≥ multq(D˜) >
2
ω
−multp(D),
a contradiction. Hence C = L1 + L2, the union of two lines p ∈ L1, p 6∈ L2. The
intersection numbers are:
L1 · L2 = 2, L
2
1 = L
2
2 = −1.
Since (S, ωC) is log canonical, by Lemma 2.4 we can assume L1 ⊂ Supp(D) since
otherwise the computation in (9) gives a contradiction. Then, by Lemma 2.4, we
may assume that L2 6⊂ Supp(D). Therefore we may write D = mL1 + Ω with
m > 0, L1, L2 6⊆ Supp(Ω). Then
1 = L2 ·D = 2m+ L2 · Ω ≥ 2m,
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so m ≤ 12 . Applying Lemma 2.5 (iii) to the pair (10) with L˜1 we obtain a contra-
diction, finishing the proof:
1 < L˜1 · (ωΩ˜ + (ωmultpD − 1)E)
= ω(L1 · Ω−multpΩ+multpΩ+m)− 1
< (L1 ·D −mL
2
1 +m)− 1 = 2m ≤ 1.
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